ON THE EULER NUMBERS OF CERTAIN MODULI SPACES OF 

CURVES AND POINTS 



WEI-PING Lli AND ZHENBO QIN^ 

Abstract. We determine the topological Euler number of certain moduli space 
of 1-dimensional closed subschemes in a smooth projective variety which admits 
a Zariski-locally trivial fibration with 1-dimensional fibers. The main approach 
is to use virtual Hodge polynomials and torus actions. The results might shed 
some light on the corresponding Donaldson-Thomas invariants. 



1. Introduction 

Recently, there have been surging interests in studying the moduh spaces of 
1-dimensional closed subschemes in a smooth projective variety. The motivation 
comes from Donaldson-Thomas theory and its interplay with Gromov-Witten the- 
ory and Gopakumar-Vafa invariants |MN()P1[ IMN()P21 iKatl IQP] (see the ref- 
erences there for other papers). Donaldson- Thomas theory was introduced in 
|DT[ IThoj via integrals over the moduli spaces of semistable sheaves and via 
the theory of virtual fundamental cycles. It was further developed by Maulik- 
Pandharipande |MPj and Jun Li. The moduli spaces of 1-dimensional closed sub- 
schemes in a smooth projective variety can be naturally regarded as the moduli 
spaces of rank-1 stable sheaves over the variety. 

In jMNOPlj IMN0P2] . several interesting conjectures regarding the interplay 
among Donaldson- Thomas theory, Gromov-Witten theory and Gopakumar-Vafa 
invariants have been proposed for 3-folds. In particular, it was conjectured (see 
the Conjecture 2 in both papers) that the reduced partition function (with a formal 
variable q) for the Donaldson-Thomas invariants is a rational function of q, and 
is invariant under the transformation q ^ 1/q when the 3-fold is Calabi-Yau. It 
is possible that, at least in the case of Calabi-Yau 3-folds, the Donaldson-Thomas 
invariants are closely related to the topological Euler numbers of the corresponding 
moduli spaces of 1-dimensional closed subschemes. Hence we propose the following 
analogue to the Conjecture 2 in |MN()P11 lMN()P2j . 

Conjecture 1.1. Let V be a smooth projective complex variety. Let J„(X, (3) be the 
moduli space of 1-dimensional closed subschemes Z of X satisfying p.ip . and let 
V^"! = 3n{X, 0) be the Hilbert scheme of length-n 0-dimensional closed subschemes 



2000 Mathematics Subject Classijication. Primary: 14C05; Secondary: 14D20, 14D21. 
Key words and phrases. Moduli spaces, virtual Hodge polynomials, Euler numbers. 
iPartially supported by the grant HKUST6114/02P. 
^Partially supported by an NSF grant. 

1 



2 



WEI-PING LI AND ZHENBO QIN 



of X. Then the reduced partition function for the Euler numbers 

is a rational function of q, and is invariant under q 1/q when Kx = 0. 

While Donaldson- Thomas invariants are difficult to calculate in general, there 
exist many effective methods to compute Euler numbers. In this paper, we verify 
Conjecture II .11 under certain assumptions. Specifically, we assume that X admits 
a Zariski-locally trivial fibration /i : X — S" where S is smooth, the fibers are 
smooth irreducible curves of genus-(7, and f3 G H2{X; Z) is the class of a fiber. An 
element in the moduli space J(i_g)+„(X, /5) consists of a fiber of /i together with 
some points (possibly embedded in the same fiber). For simplicity, let 

2Jl„ = J(i„,)+„(X,/3). (1.1) 

Theorem 1.2. Letr = dim(X) > 2, and Pr{n) (respectively, Pr{n)) be the number 
of r- dimensional (respectively, punctual r- dimensional) partitions of n. Then, 

E xim^) = E x(xN) . x(5) . t^T^'yl^ 



n=0 n=0 



E:ZPr{n)q- 



We remark that the Euler number of the Hilbert scheme X'"^ has been deter- 
mined by Gottsche and Cheah |GoH Oie] . and x(OJli) can be computed from the 
Lemma 1 in [Kat, where the structure of OJli has been described. Also, we refer to 
Definition !?, ll for the notion of r-dimensional (respectively, punctual r-dimensional) 
partitions of n. Furthermore, we conjecture (see Coniecture l7.4|) that 

E:ZPr{n)q- ^ 1 

E:roPr{n)q- {l-qy~'- 
This formula is trivially true when r = 2. The case r = 3 is proved in Lemma f7. 51 
Note that Kx = forces g = I under our assumption about /i. 

Corollary 1.3. Coniecture \l.l\ is true when 2 < r < 3 or Kx = 0. 

Our main idea to prove Theorem ll.2l is to use virtual Hodge polynomials, Cheah's 
combinatorial arguments |Chej . and torus actions. More precisely, we decompose 
the moduli space 9Jt„ into a disjoint union of locally closed subsets, and prove that 
there exist bijective morphisms between these locally closed subsets and certain 
spaces constructed from the local model C"^ x C of the fibration /i : X — S", 
where C denotes a fixed fiber of /i. The spaces constructed from the local model 
C"^ X C consist of Zariski-locally trivial fibrations involving simpler objects. Our 
proofs here are parallel to those in |Golj . Similar results hold for the Hilbert 
scheme X'"!. Since virtual Hodge polynomials are preserved under decompositions 
and bijective morphisms, these preparations enable us to reduce the computation 
of the virtual Hodge polynomial e(07ln; s, t) to those of 
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(see Definit ion 13 . 31 and Remark 13.41 for the notations), where Co = {0} x C and O 
is the origin of Applying Cheah's combinatorial arguments, we show that the 

virtual Hodge polynomials of OJlJ^ c^'^*^ and (C^-^ x Cp^ can be further reduced 
to those of the corresponding punctual spaces: 

TlZ,L,o, Hilb"(e,0) 

where L denotes a coordinate line in C". Using the well-known fact that e(- ; 1, 1) = 
x{-), we obtain a formula for x(9Jl„) in terms of the Euler numbers of 
and Hilb"(C^,0) (see Proposition lfi.2|l . Finally, we take suitable torus actions on 
L o determine its Euler number in terms of punctual r-dimensional partitions 
of n (the torus actions on the punctual Hilbert scheme Hilb"(C'',0) were studied 
in jChej ) . This allows us to prove Theorem 11.21 

It would be interesting to see whether p.2|l is true for r > 3. In addition, many 
results and techniques in this paper can be generalized to handle other situations, 
e.g., when the class (3 is replaced by a higher multiple of the class of a fiber of ^. 
We plan to discuss these generalizations in a forthcoming paper. 

The paper is organized as follows. In Sect.|21 the basic properties of virtual Hodge 
polynomials are reviewed. In Sect. 01 we identify 9Jl„ with certain Grothendieck 
Quot-scheme and introduce a natural decomposition of In Sect. HI various 
bijective morphisms are constructed. In Sect.El we reduce the computation to the 
local model C^~^ x C. In Sect. EJ we further reduce the computation from the local 
model X C to the punctual spaces M^^^^o and Hilb^fc, O). In Sect. [7| we 
use torus actions to verify Theorem 11.21 and ()1.2|) when r = 3. 

Acknowledgments. The authors are grateful to Professors Robert Friedman, 
Sheldon Katz and Jun Li for valuable helps and stimulating discussions. The first 
author thanks the Mathematics Department at the University of Missouri for the 
hospitality and the support during his visit in January of 2005. Thanks also go to 
the referee for suggesting improvements. 

2. Virtual Hodge polynomials and Euler numbers 

Danilov and Khovanskii |DKj introduced virtual Hodge polynomials for reduced 
complex schemes. These polynomials can be viewed as a convenient tool for com- 
puting the Hodge numbers of smooth projective varieties by reducing to computing 
those of simpler varieties. They can also be used to compute Euler numbers. In 
this section, we recall the basic properties of virtual Hodge polynomials. 

First of all, let y be a reduced complex scheme (not necessarily projective, 
irreducible or smooth). Mixed Hodge structures are defined on the cohomology 
H^(Y,Q) with compact support (see |DeH IDK] ). The mixed Hodge structures 
coincide with the classical one if Y is projective and smooth. For each pair of 
integers {m,n), define the virtual Hodge number 

k 
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Then the virtual Hodge polynomial of Y is defined to be 

e{Y; s,t) = J2 e'"'"(l")s™r. (2.1) 

m,n 

Next, for an arbitrary complex scheme Y, we put 

e{Y;s,t) = e{Y,,A;s,t) (2.2) 

following |Chej . By ()2.2|) and the results in |DK| IFuH IChej for reduced complex 
schemes, we see that virtual Hodge polynomials satisfy the following properties: 

(i) When Y is projective and smooth, e{Y; s, t) is the usual Hodge polynomial 
of Y. For a general complex scheme Y, we have 

e{Y;l,l) = x{Y) (2.3) 

where xO^) denotes the topological Euler number of Y. 

n 

(ii) If y = JJ^ Yi is a finite disjoint union of locally closed subsets, then 

i=l 

n 

e{Y;s,t) = J2e{Yi;s,t). (2.4) 

i=l 

(iii) If / : y ^ y is a Zariski-locally trivial bundle with fiber F, then 

e(F; s, t) = eiY'; s, t) ■ e(F; s, t). (2.5) 

(iv) If / : y ^ y is a bijective morphism, then 

e{Y-s,t) = e{Y'-s,t). (2.6) 

By the Lemma 5.6 in |Chej and the Theorem 4.1 in |LYj . if y is a reduced 
complex scheme with a C*-action and if Y^* denotes the set of fixed points, then 

x{Y) = x{Y'''). (2.7) 
3. The moduli spaces J„(X, /3) and 

Let X be a smooth projective complex variety of dimension r. For a fixed class 
13 e H2{X]Z) and a fixed integer n, following the definitions and notations in 
|MN()P1I nVIN()P2| . we define J„(X,/3) to be the moduh space of 1-dimensional 
closed subschemes Z of X satisfying the two conditions: 

x{Oz)=n, [Z]=(3 (3.1) 

where [Z] is the class associated to the dimension-1 component (weighted by their 
intrinsic multiplicities) of Z. The degree-0 moduli space 2}„(X, 0) is isomorphic to 
the Hilbert scheme X^"''^ parametrizing length-n 0-dimensional closed subschemes 
of X. In general, when /3 7^ 0, the space 3n{X,P) is only part of the Hilbert 
scheme defined in terms of certain degree- 1 Hilbert polynomial (see |Groj ) . By the 
Lemma 1 in |MN0P2'] . when dim(X) = 3, the virtual dimension of 3n{X,f5) is 

-iP-Kx). (3.2) 
In the rest of the paper, we adopt the following basic assumptions. 
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Assumption 3.1. We assume that X admits a Zariski-locally trivial fibration 

fi-.X^S (3.3) 

where S is smooth, the fibers are smooth irreducible curves of genus-f?, and (3 G 
H2{X; Z) is the class of a fiber. Then, /9) = 5*. For n>0, let 

97l„:=a(i_,)+„(X,/3). (3.4) 

Our goal is to determine, under Assumption 13. the partition function for the 
Euler numbers of the moduli spaces = J(i_g)+„(X, /?), n > 0: 

5^x(a7l„)g". (3.5) 

n=0 

Lemma 3.2. Let A be the diagonal of S x S, and Quot"j^gx^j)*/A/5xx/5 
Grothendieck Quot-scheme with the constant polynomial n. Then, there exists an 
isomorphism between 07l„ and Quot^j^j^^^^.^^/^^j^/^. 

Proof. Note that every element in 07l„ = Df(i_g)+„(X, /?) is of the form: 

Z = H + e (3.6) 

where S G Xt""""! for some no satisfying < no < n, Supp(S) fl Supp(9) = 0, 
and the dimension- 1 component G is equal to some curve C G 97lo together with 
embedded points of length-no (i.e., Iq C Ic and the quotient Icl le is supported 
at finitely many points in C with /i°(X, Ic/Ie) = no). So we have a surjection 

Ic ^ Ic/Iz ^ 

where the quotient Ic/Iz is supported at finitely many points, and has length n. 

It follows that the universal quotient over Quot^j^j^^^^.j^/^^^/^ x X induces a 
bijective morphism 0i : Quot(\dgx/.)*7A/sxx/s ^ 

On the other hand, let X„ be the universal ideal sheaf over 97l„ x X. Let be 
the saturation of T„ C Osrrt„xx (see Definition 1.1.5 in |HLj ) . Then, is a fiat 
family of ideal sheaves in SPTo — S, and fits in an exact sequence 

^ x„ ^ x; ^ Q ^ 

over X X. Now the fiat family X^ and the quotient X^ Q ^ induces a 
morphism 02 ^ — Quot^j^^^^^.j^/^^j^/s which is inverse to 0i. □ 

In view of Lemma 13.21 we will make no difference between OJt„ and the Quot- 
scheme Quot"j^gx/i)*/A/5'xx/s- -'■^ particular, we have a natural morphism: 

^ 5. (3.7) 

Moreover, over njt„ x X, there exists a universal quotient 

P*/a Q (3.8) 

where p is the composition of the morphism OJt„ x X ^ 5* x X induced from (j3.7|) 
and the morphism Ids x/i:S'xX— S'S'xS'. 

Definition 3.3. Let (3 and g be from Assumption 13.11 Let < no < n. 
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(i) We define 9Jtn,no to be the locally closed subset of 9Jl„ consisting of all the 
elements Z = E + Q from (j3.6p such that h^{X, Ic/Ie) = tlq. 

(ii) Fix a fiber C of /i and a point x e C. We define Tln,c (respectively, DJln,c,x) 
to be the closed subset of Tln,n consisting of all the elements Z = E + Q 
from ()3.6|) such that H = 0, Je C Ic, and Ic/Ie is supported at finitely 
many points (respectively, supported at the point x). 

(iii) Fix a fiber C of fi, and a point x G X. Define to be the locally closed 
subset of X'"] consisting of all the elements S = Si + S2 G X'"! such that 
Supp(Si) n C = 0, Supp(S2) C C, and £(^2) = tiq. Define X^?' = xt?''", 
and define xi"^ to be the closed subset of X'"! consisting of all S G Xt"^' 
such that Supp(S) = {x} (i.e., xi"^ is the punctual Hilbert scheme at x). 

Remark 3.4. To emphasis the dependence on X, we will also denote the notations 
Tin, Tln,no, ^n,c, ■ ■ ■ hj , OJt^„„, 071^^7, • • • respectively. 

4. Various bijective morphisms 

We begin with an outline of this section. Consider the variety X as in Assump- 
tion EUl By Definition 13.31 (i). 9Jt„ has a decomposition of locally closed subsets: 

n 

= II 2?tn,no- (4-1) 

no=0 

In order to use the method of virtual Hodge polynomials, we need that there is a 
Zariski-locally trivial fibration space mapping to bijectively. For instance, we 

see from ()3.7|1 that 9Jl„_„ admits a morphism to S. The fiber of this map over s G S* 
is isomorphic to Tln^c where C = /i~^(s) is a fiber of /x: X — S. If we consider 
another fiber C = /i~^(s'), then Tln^c is isomorphic to Ttn^c'- In view of (j2.5|) and 
(j2.6p . it suffices to prove that Tln^c ^ S admits a bijective morphism to OJt„^„ locally 
over 5*. To achieve this, we first consider the local model where we take X = C™ x C 
in Lemma f4. 11 For the general case /x: X — »• 5, we choose an open subset U of S 
such that there exists an etale morphism U C™. Then we prove in Lemma (4.21 
the existence of a bijective morphism OJl^'^^'" x^m U —> OK^^*". For other strata 
DJln,no, Lemma f4.6l provides a kind of locally trivial fibration description. 

Now we fix some notations. Let C denote a fixed fiber of the fibration fi: X ^ S. 
Let m = dim(X) — 1 = r — 1, O be the origin of C'", and Co = {0} x C. 

Lemma 4.1. There exists a bijective morphism overC"^: 

Proof. Let Xq = C™ x C. Over 93Tj^^^ x Xq, there exists a universal quotient 

p;/co ^ Qo ^ (4.2) 
where p2 ■ fJlj^^^ x Xq ^ Xq is the second projection. Let 
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be the subtraction: cr(u, v) = u — v. Let S = Id^^o x a x Idc'- 

-'-''".Co 

^nho X X Xo = Tl^^^^ X C" X C" X C ^ m^^co X X C = x Xq. 

Then we obtain a commutation diagram of morphisms: 

971^°,^ X X Xo ^ OJl^'^^xXo 

X C" A 

where the two vertical morphisms are the natural projections. We have 

over Tl^^c^ X C™ X Xq. Let Aq be the diagonal of x C™. Then, we see that 
^*(P2^Co) = ^^-lAo- Therefore, over Tl^}.^ x x Xq, we have 

/.-lAo ^S*Qo^O. (4.3) 
Let u e C™. The restriction of (jOI) to m^^^o ^ i^} x = ^ 

where S„ is the automorphism of ^n°Co x -^o = ^J^Co ^ '^"^ ^ ^ induced by 

au : C" ^ C"^ 

with cr„(w) = M — f . By the universal property, ()4.3|) induces a morphism: 

VI/ : !mj<^^ X ^ !mj«„. 

The morphism is bijective since every T^u is an automorphism. □ 

Lemma 4.2. Let f : U —>■ 6e an etale morphism. Then there exists a bijective 
morphism : XcmU —> M^j^'^ over U. 

Proof. Let X = U x C and Xg = C" x C Then there exists a universal quotient 

(vro)*/Ao ^ Q ^ (4.4) 
over x Xq, where Aq is the diagonal of C™' x C" and ttq is the composition: 

X Xo ^ X Xo = X (C™ X C) ^ X C™. 
The projection 971;^"^ Xcm f/ — ^ 971;^"^ and the morphism / x Idc : X — >• Xq induces 

F: (!Hj«„Xc™ f/) xX^mtJ«„xXo 
which can also be regarded as the base change of f x f : U xU C™ x C™ by ttq: 

{Tl^l Xc^U) xX — > UxU 

IF [fxf (4.5) 

X Xo ^ c™ X c". 

Pulling-back the surjection (j4.4p via F, we obtain the surjection 

i"*(vro)*/Ao ^i"*Q^O (4.6) 



WEI-PING LI AND ZHENBO QIN 

X£m U) X X. Regard U x U as a scheme over C™ by using 

U xU ^C"" 
where pi is the first projection of U x U. Then, 

xc™ f/) X X = Xc^{UxU)x C. (4.7) 
Let A be the diagonal of U x U, and vr be the composition: 

(OJlJ?, xc- U)xX = mtj«„ xcm {U X U) X C ^ U X U. 
Restricting (g^l) to vr-i(A) C {M^^^ XcmU) x X, we obtain 

i^*(7ro)*/AoU-i(A) i^*QU-i(A) 0. (4.8) 

Note that 7r"^(A) C (ttq o F)"^(Ao). In fact, since / is etale, (ttq o F)"^(Ao) is the 
disjoint union of 7r^^(A) and some other irreducible components. Hence 

F*(7ro)*/Ao|7r-l(A) = -^(7rooF)-l(Ao)|7r-l(A) = -^7r-l(A) |7r-l(A) = 71"*-^A Itt-i (A) • 

Using ()4.8|) and the surjection tt*I^ — > 7r*/A|7r-i(A)7 we obtain 

7r*/A^F*QU-i(A)-^0 (4.9) 

over Xcm U) x X. One checks that -F*Q|7r-i(A) is flat over Tl^^^ Xcm U and 

that the quotient ()4.9|) induces a morphism: 

^;:9JlJ;xc™f/^9JtJ„ 
over U. Using the completions of the points in t/, we see that ^E'/ is bijective. □ 

Proposition 4.3. Let O he the ongm of C"" and Co = {0} xC. Let f : U ^ C" 
be an Stale morphism. Then there exists a bijective morphism over U: 

VI/, : m^-f X u - m^^f. 

Proof. Follows from Lemmas 14.11 and 14.21 bv putting \E'j = \['jo(\['Xcm Idu)- □ 

Remark 4.4. The bijective morphism in Proposition 14.31 is in fact an isomor- 
phism. To see this, we use an analytic open covering of U to show that \E'j is an 
isomorphism locally in analytic category. This coupled with the bijectivity implies 
that the morphism ^E'/ is indeed an isomorphism. 

Definition 4.5. For < uq < n, define Z„ j to be the locally closed subset of 
Xl"l X S consisting of all the pairs (S, s) such that S = Si + S2 with Supp(Si) fl 
fj'^^is) = 0, Supp(S2) C fi~^{s), and ^(Si) = i. Put 

Note that we have natural morphisms Z^^i X'"! and Z^^i S. 
Lemma 4.6. Let < no < n. Then there exists a bijective morphism: 
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Proof. Let tti and H2 be the two natural projections of Wn-no Xs ^Jl^cno- We see 
from (j3.8|) that over Tlno,no ^ there exists a universal quotient 

P*Ia ^Qi^O. 

So over (Wn-no ^no,no) X X, we have a surjection: 

(vra X Idx)V/A ^ (vr2 x Idx)*Qi 0. (4.10) 

In addition, over Xt"^"°l x X, we have a universal quotient 

CxI"-"olxX — ^ Q2 — ^ 0. 

Hence over (Wn-no >^s^no,no) x we have another surjection: 

0(W„-„,,Xsmno,no)xX ^ Q2 (4.11) 

where n is the composition of tti x Idx : (Wn-no '^no,no) x X — > Wn-no x 
and the natural morphism Wn-no x X — > xf"~""] x X. Note that 

Supp((7r2 X Idx)*Qi) C (7r2 x Idx)-V(A), 

(7r2 X Idx)- V'(A) n Supp(7r*Q2) = 0- 

Hence {tc2 x Idx)*Qi © 7r*Q2 is flat over Wn-no ^no,no- Moreover, combining 
the two surjections ()4.10|) and ()4.11|) . we obtain a surjection: 

(7r2 X Idx) V^A ^ (vr2 X Idx)*Qi © tt^Qs ^ 0. (4.12) 
This surjection induces a morphism ip : Wn-no ^no,no 3^n- One checks that 
im{ilj) = Tln,no and that : iy„_no Xg ajl„o,no ^ ^n,no is injective. □ 

Remark 4.7. A similar argument shows that there exists a bijective morphism: 

^^n—no X5 ^rto ^ Zn,no- 

5. Reduction to the local model x C 



In this section, using the results proved in the previous section, we reduce the 
computation of the virtual Hodge polynomial of 2Jt„ to those of X'"], ^^^Co^^ 
and (C-i X C)g where Co = {0} x C and O is the origin of . 

Lemma 5.1. Let O he the origin of C^^^ and Cq = {0} x C. Then, 
+00 +00 +00 

J2 ei^n, s, t)q- = Y, <Wn. t)q--Y^ e(2Jl^,Co """s t) <f- (5-1) 

?i=0 n=0 n=0 

Proof. By (glU), Lemma WR (ITll and ((2111), we obtain: 

n n 

e(mt„; s, t) = ^ e(9Jl„,„o; s, t) = ^ e(iy„_„o X5 Mno^no', s, t). (5.2) 

no=0 no=0 

Consider the commutative diagram for the fiber product Wn-no 37t„o,no- 

W^n— no X^OTtng^riQ •^no,no 

i 01 i 02 (5.3) 
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By the Proposition 1.3.24 in |Milj . there exist an open affine cover {Ui}i of 5* and 
etale morphisms fi'-Ui^ C~^. By Proposition 14.31 we see that for each i, there 
exists a bijective morphism over the open affine subset Uf. 

So there exist a decomposition S = locally closed subsets Si and bijective 

i 

morphisms '■ Co^*" x •S'j — {(f)2)~^{Si). By ()5.3p . there exist a decomposition 



n—no,t 



of locally closed subsets Wn-no,i and bijective morphisms 
Combining this with (j2.4p and (j2.6|) . we conclude that 

e{Wn-no XS^no,no;S,t) = ^ 6 ( (01 ) (lV„_„o,i) ; S, t) 

= 5^ e(iy._.„,; t) . e(aJl^;-^;^; t) 

i 

= e(Ty„;s,t)-e(M^;-^;^;s,t). (5.4) 
Now (j5.ip follows immediately from (j5.2j) and (j5.4p . □ 
Lemma 5.2. Let O be the origin of C^^^ and Co = {0} x C. Then, 

+00 +00 +00 

J2 e(^'"^ X S; s, t)q- = s, t)q- ■ J] e((e-^ x t)q\ (5.5) 

n=0 n=0 n=0 

Proof. By Remark 14.71 we have an analogue of (j5.2p : 

e(XN xS-s,t)=Y, e{Wn-n, XsTn,;s,t). (5.6) 

"0=0 

Let A be a partition of no, denoted by A h uq. Express A as A = (Ai, . . . , A^) where 
Ai > . . . > A£ and Ai + . . . + A^ = rio- We define T\ to be the locally closed subset 
of T„o consisting of all the pairs (H, s) such that E = Ei + . . . + Ei where 

Supp(Si) = {Xi} C yu~^(s), 

£(Hj) = Xi, and the points Xi, . . . , are distinct. Then, 

n 

e(xM xS;s,t) = Y, e(W^„_„o x^Ta;^,*). (5.7) 

r!.o=0 Ahno 
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Using the Lemma 2.1.4 in |Go2j . we can prove that the natural morphism Tx —>■ S 
is a Zariski-locally trivial fibration with fibers isomorphic to (C"^ x C)^^^. Here 

(C"^ X C)^^ denotes the locally closed subset of (C^"^ x C)^^"' consisting of 

^' = ^'i + ■ ■ ■ + ^'i 

where Supp(S^) = {x'j} C Co, ^(S^) = A,, and x'l, . . . ,x'^ are distinct. Hence 

n 

e(xWx5;s,t) = 5^^e(iy„_„,;s,t)-e((C^-ixC)^,,;s,t) 

no=0 Ahno 
n 

no=0 Ahno 
n 

no=0 

where we used the fact that (C^'^^ x C)|^^°' is the disjoint union of the locally closed 
subsets (C'^^ X C)qj, A h uq. Now ()5.5|1 follows immediately. □ 

Proposition 5.3. Let O be the origin of C^^^ and Co = {0} x C. Then, 

Proof. The formula follows from Lemma 15.11 and Lemma 15.21 □ 



6. Reduction to the punctual cases 

From Proposition 15. 3| we see that it suffices to compute the virtual Hodge poly- 
nomials of ^^^cl''^ and (e-i X Cfcl- These spaces are similar to the Hilbert 
scheme X'"' in the sense that they are all built up from the punctual cases. Cheah 
developed a method of computing virtual Hodge polynomials to deal with this kind 
of situation. In order to apply the method to 9^1^'^^^*" and (C""^ x C)q|, we first 
recall Cheah's original approach in |Chej for the case of X^'^y 

Let Hilb"(C'~, O) be the punctual Hilbert scheme of C at the origin. Then there 
exist unique rational numbers H^^rn,n such that 

+ 00 +00 +00 . X 

E^(Hilb"(C^O);.,t)g" = ^ H [y^T^u] (6-1) 

n=0 £=1 m,n=0 V ^ / 

as elements in Q[s,t][[g]]. Define [^^(g, s,/!:) G Q[s, i(:][[g]] to be the power series: 

+00 / +00 \ 
\)r{q, s,t) = Y[ E He,m,ns"'t^ ■ (6.2) 

e=l \m,n=0 / 
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Then the main result proved in |Chej states that 

+00 / +00 ^ \ 

J2 s, t)q- = exp -e(X; s", r)f).(g", s\ T) . (6.3) 

ri=0 \n=l / 

The key ingredients in Cheah's proof of ()6.3|) can be summarized as follows: 

(A) Each element H G X'"' can be uniquely decomposed into H^^^ + . . . + S*^^) 
where every H^*) G X'"*] is supported at a single point in X, ni + . . .+ni = n, 
and the supports of . . . , S^^^ are mutually distinct. 

(B) Every xi"^ is isomorphic to Hilb"(C'', O). Let x|"| be the closed subscheme 
of X'"! consisting of all S G X^"! such that Supp(S) is a single point of X. 
Then the natural morphism x|^| — > X sending H G x|^| to Supp(H) G X 
is Zariski-locally trivial with fibers isomorphic to Hilb"(C'',0). 

(C) Using certain combinatorial arguments independent of X, one reduces the 
computation to the virtual Hodge polynomials of X and Hilb"(C'', O) which 
contribute to the terms e(X;s",t") and f)r(5'", s", t") in ()6.3p respectively. 

It follows that we can apply Cheah's arguments to the computations of 

+00 +00 

n=0 n=0 

+ CO 

in a straightforward fashion. For ^^e((C''~^ x C)qJ; s,t) q"', we have 

n=0 

(Al) Each element S G (C^~^ x C)qJ can be uniquely decomposed into 

2(1) + . . . + 

where each G (C^^^ x (:7)g^;] is supported at a single point in Co, 

rii + . . . + rii = n, 

and the supports of . . . , S^^) are mutually distinct. 
(Bl) Every (C^-^ x C)^^\x G Co is isomorphic to Hilb"(C^O). The natural 

morphism (C^^^ x C)g^ ^ Co sending S G {C-^ x C)[^^ to Supp(S) G Co 

is Zariski-locally trivial with fibers isomorphic to Hilb"(C'", O). 
(CI) The same combinatorial arguments from (C) reduces the computation to 

the virtual Hodge polynomials of Co and Hilb"(C'',0). 

Therefore, we conclude as in (|6.3|) the following formula: 



+00 / +00 _ \ 

5^e((C-i X C)g;s,t) g" = exp 5^-e(Co;s",Of),(g",s",t") 

n=0 \n=l / 

+00 

Next, for the computation of e(OJl^'(^^^x'"; s, t) g", we have 



(6.4) 



n=0 
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(A2) Let e e njtj^co • By the definition of the quotient IcJIe is 

supported at finitely many points in Cq. Put 

where each Qi is supported at a single point in Co, and the supports of 
Qi,...,Qe are mutually distinct. Let / : Ico — > Icol^Q be the quotient 
map. For 1 < i < define the subscheme G*^*-* by putting 

-^e{') = f^^iQi)- 

Then 9 G OJIJJqj^^'" gives rise to 9*^^^ . . . , 6^^^. It is clear that the process 
can be reversed. Hence B G ^^Co^'~' can be formally written as 

e = 6(1) + . . . + 

in a unique way, where G*^*-* G OJlJ^J^^^'" for 1 < i < £, ni + . . . + = n, 
each quotient Ico/Isi is supported at a single point in Co, and the supports 
of the quotients Icq/Ibi, ■ ■ ■ , Ico/^Bi are mutually distinct. 
(B2) Let x G Cq. Since C is a smooth curve in X, we have an isomorphism 

Kcof = ^Zl,o (6.5) 

between the punctual moduli spaces, where L is a coordinate line in C^', O 
is the origin of C^, and ^n'^i q parametrizes all the 1-dimensional closed 
subschemes 9 of such that /e C /l, Supp(/L//e) = {O}, and 

/^°(C^/i//e)=n. 

Let be the subset of SDTJJ.Co consisting of all 6 G 3Jl^,Co ^^^^ 

that Supp(JcQ/Je) is a single point in Cq. By the construction in |Groj . 
there is a natural morphism from to the n-th symmetric product 

Sym"'(C^'^i X C). Its restriction to q^^'" gives rise to a morphism 

: m^-,f ^ Co. 

An argument similar to the proof of Proposition 14.31 shows that there exist 
a decomposition of locally closed subsets 

i 

and bijective morphisms over the locally closed subsets Co,^: 

(C2) The same combinatorial arguments from (C) reduces the computation to 
the virtual Hodge polynomials of Co and QJt^'j;^ q. 

Hence once again, we conclude as in ()(i.3j) the following: 



+00 / +00 ^ 

E ""^"^Tclf-^ ^> ^)?" = exp 5^ -e(Co; s\ t'^YM^ s^ t") 

n=0 \ra=l / 



(6.6) 
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where the power series Cr{q, s,t) G Q[s,t][[g]] is defined by 

+00 / +00 \ 
c,(g, s, t) = 5^ Yl Ce,m,ns"'e g^ (6.7) 

e=l \m,n=0 / 

and the rational numbers Ce^m,n are the unique rational numbers such that 

+ 00 +00 +00 ^ ^ X Ce,m,n 

i:e(<io;..%"=nn iris^r ■ (f*) 

n=0 e=l m,n=0 \ ^ / 

Lemma 6.1. Let O be the origin of C^'~^ and Cq = {0} x C. Let i)r{q,s,t) and 

+00 

Cr{q,s,t) be from \6. ^} and (|6'. ?| ). Then, e(OJt„; s, t) zs equal to 

n=0 

+00 

5^e(XN;,,t)g«.e(^;s,t) 

n=0 

• (^E^e(Co;s^^)[c,(g^s^^)-[),(g^s^^)]j . 

Proof. Follows immediately from Lemma f5. 31 ()6.4|) and ()6.6p . □ 
Proposition 6.2. Under A s sumption \ 3. 11 we have 

Proof. Follows from Lemma f6. 11 ()2.3|) and the observation that 

(+00 , \ +00 

n=l / n=0 

7. Torus actions on Hilb"(C^O) and OJlJJ ^ o 

The last step in our computation is to determine the Euler number of OJl^*^ q (the 
Euler number of Hilb"(C'',0) has been calculated in |Chej ). According to ()2.7p . 
we can make use of a suitable C*-action on C and compute the Euler number of 
the fixed locus of the induced C*-action on Tln^Lfi- 

The fixed points of torus actions on the spaces Hilb"(C'',0) and ^n\o 
closely related to mult i- dimensional partitions of n. 

Definition 7.1. (i) Let r > 2 and n > 0. An r- dimensional partition (respectively, 
a punctual r-dimensional partition) of n is an array 

K,...,v-Jn,...,v-. (7.1) 
of nonnegative integers ni^^,,,^i^_^ indexed by the tuples 

(2i,...,V_i) G (Z>o)'-^ (7.2) 



□ 
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(respectively, by the tuples (ii, . . . , ir-i ) G {Z>oY-^ - {(0, . . . , 0)}) such that 

"-n,...,*.-! = n, (7.3) 

«lv,V-l 

and ni^^,„^i^_^ > nj^^,„j^^^ whenever ii <ji, . . . , v_i < 

(ii) We define Pr{n) (respectively, Pr{n)) to be the number of r-dimensional 
(respectively, punctual r-dimensional) partitions of n. 

We remark that Definition 17.11 (i) is consistent with the one used in [M NUPl] , 
while our r-dimensional partitions are (r — l)-dimensional partitions in [ Chej . 

Torus actions on the punctual Hilbert scheme Hilb"(C'", O) have been studied in 
|Chej . Let 2:1, . . . , 2;^ be the coordinate functions of C". Then C* acts on by 

t{zi,...,Zr) = {r'Zi,...,r^Zr), t G C* . (7.4) 

This C*-action on induces a C*-action on Hilb"(C, O). Now choose Wi, . . . ,Wr E 
7a properly. Then the C*-fixed points in Hilb"'(C'", O) are precisely those corre- 
sponding to the colength-n ideals of C[zi, . . . , Zr] generated by monomials. These 
ideals are in one-to-one correspondence with r-dimensional partitions of n. Indeed, 
given an r-dimensional partition (nj^,...,i^_ Ji^,,,,,i^_^>o of n, the ideal of C[zi, . . . ,Zr] 
generated by the monomials 

^ has colength-n. Conversely, given 
a colength-n ideal / of C[zi,...,Zr] generated by monomials, we obtain an r- 
dimensional partition (ni^,,,,,j^_Ji^,,,,,j^_j>o of n by putting 

nn,...,i^_, = min{v| zl' ■ ■ ■ z';zl'^; G /}. (7.5) 

Therefore, by ()2.7|) . we have (see the Proposition 5.1 in |Chej ): 

x(Hilb"(C^O)) =P,(n). (7.6) 

When r = dim(X) = 3, torus actions on the moduli space DTt^ for a toric variety 
X have been studied in IMNUFl] . For r > 3 and for torus actions on our punctual 
moduli space SJIJ^'^^q, we choose the line L to be defined by the equations: 

Z\ = . . . = z^—i = 0. 

Then the C*-action ()7.4|) on C induces a C*-action on OJIJ^'^^q. Again, choose the 
weights Wi, . . . , G Z in ()7.4p properly. Then the C*-fixed points in OJlJ;'^ q are 
precisely those corresponding to the ideals I of C[zi, . . . , Zr] such that I is generated 
by monomials, / C {zi, . . . , Zr-i), and 

dime J = n. 

As in the previous paragraph, we see that these ideals are in one-to-one correspon- 
dence with punctual r-dimensional partitions of n (note that a linear basis of the 
ideal {zi, . . . , Zr-i) consists of all the monomials z\^ ■ ■ ■ zl''~lzlr with 

(zi,...,«,_i) G (Z>o)'-^-{(0,...,0)}, 

and ir > 0). Therefore, we obtain from ()2.7|) that 

x{^Zl,o) = Pr{n). (7.7) 
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Theorem 7.2. Under Assumption \y. 11 let r > 2. Then, 

n=0 n=0 \2^n=0^r[.'l') q ) 

Proof. The formula foUows from Proposition 16.21 (j7.6p and (j7.7|) . □ 
Corollary 7.3. If fi : X ^ S is an elliptic fibration, then 

+ 00 +00 

n=0 n=0 

Conjecture 7.4. Let r > 2, and let Pr{n) and Pr{n) be defined above. Then, 

EroP.Hg"_ 1 



\r-2 ■ 



(7.8) 



The conjecture is clearly true when r = 2. The next lemma handles r = 3. 
Lemma 7.5. Conjecture \7.4\ holds when r = 3. 

Proof. We shall use notations and results from Sect. 11.2 of |Andj . Identify our 
3-dimensional partitions with the plane partitions there, i.e., our 3-dimensional 
partition (^ji,i2)ji,j2>o is identified with the plane partition whose entry at the 
lattice point {ii, i2),H, ^2 > in the plane is equal to nj^^jj- Similarly, our punctual 
3-dimensional partitions will correspond to the punctual plane partitions. 

Let TTilni, . . . , n^; g) be the generating function for plane partitions with at most 
i columns, at most k rows, and with nj being the first entry in the i-th row. Then, 

7r£+i(ni,...,?ifc;g) = ^ ^ ' ' ' 5Z 7r£(mi, . . . , m^; g). (7.9) 

by the formula (11.2.1) in [ Andj . Let Sk/{m, n) (respectively, Sk/{m, n)) denote the 
set of plane partitions (respectively, punctual plane partitions) of m with at most 
i columns, at most k rows, and with each entry < n. Let pk,e{m,n) = \Sk,£{m,n)\ 
and pk/{rn,n) = \Sk/{m,n)\. Define two generating functions: 

T^kA^il) = ^Pfc,^(^,n) g"" 

m=0 

+ 00 

7ffc/(n;g) = ^pk,e{m,n)q"'. 

m=0 

+ 00 +00 

So 7r+oo,+oo(+oo; g) = ^ Psim) g"" and 7f+oo,+oo(+oo; g) = ^ Psim) g"". Define 

m=0 m=0 

(g). = (l-g)(l-g^)---(l-g^) (7.10) 
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for positive integers i. By the Theorem 11.2 in |Andj . 

(g)l(g)2---(g)fc-l (g)n+£(g)n+£+l • • • (9)n+m-l 

'''^ ' iq)i{q)i+i---iq)e+k-i iq)n{q)n+i---iq)n+k-i 

Let A G Sk/{m,n). By placing n at the origin of the plane, we obtain A G 
Sk/ijn + n,n). Conversely, if A G Sk/{m + n, n) and if the part of A at the origin 
is n, then by deleting the part at the origin, we obtain A G Sk/{m,n). Hence 

7ik/{n; q) = q'"" ^ 7ii{n,m2, . . . ,mk; q). (7.12) 

mj.<...<m2<n 

Setting ni = . . . = Tifc = 71 in ()7.9|) . we conclude that 

7ii+i{n,...,n;q) = q^"- ^ TCi{mi, . . . ,mk] q) 

k copies mfc<...<m2<mi<n 
n 

^ ^fcn ^ ^ 7r£(mi,m2,...,mfc;g). 

mi=0 mj.<...<m2<mi 

Combining this with formula ()7.12p . we see that 

n 

7r^+i(7v^; q) = XI ■ ^kA^^-, q)- (7-i3) 

fc copies mi=0 

On the other hand, by the formula (11.2.8) in |Andj . 

7rf+i( n, . .^.,71 ; g) = g''" ■ Hk/in; q). 

k copies 

Therefore, we see immediately from (j7.13p that 

n 

ttmI"-; = X] ■ ^k^f^i'^ q)- 

mi=0 

Thus, Tik/{n; q) - vrfc,£(n - 1; g) = ■ 7rfc,£(n; g), i.e., 

Trfc.K"-; = [71"m(^; - T^k/in - 1; g)] . (7.14) 

To take the limits k,£,n —>■ +oo, we assume |g| < 1 in the rest of the proof. By 
(I7.14p . (j7.11|) and the definition of (g)j from (j7.1U|) . we have 

vrfc/(^; g) 

1 r (1 — g""'"^)(l — g"+^+l) qn+i+k-l^ 



TTk/{n - l;g) ■ 
nk/{n - l;g) ■ 



g" 1^ (1 - g")(l - g"+i) ■ ■ ■ (1 - g'^+'^-i) 
1 + g + ■ ■ ■ + g'-^ + 0(g") + 0(gO 



1 - g")(l - g"+i) ■ ■ ■ (1 - g"+fc-i) ■ 
Now taking the limit i,n ^ +oo, we conclude that 

vrfc,+oo(+oo; g) = 7rfc,+oo(+oo; g) ■ (1 + g H h g''""^) 
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Finally, letting k — > +00, we immediately obtain 



{+00; q) {+00; q) 



1-g 



1 



1-q 



. This proves (j7.8p for r = 3. 



+00 , _ _ 

i.e., g"" = XI ^3l"^J ? ■ 

m=0 m=0 

Corollary 7.6. Under Assum,ption \S.l\ let 2 < r <3. Then, 
+00 +00 ^ 



g)(r-2).(2-2g)' 



n=0 n=0 

Proof. Follows immediately from Theorem 17.21 and Lemma [731 



□ 



□ 
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